Abstract. Precise estimates for the Bergman distances of Dinismooth bounded planar domains are given. These estimates imply that on such domains the Bergman distance almost coincides with the Carathéodory and Kobayashi distances.
Results
In [7, Proposition 8] , the first named author found optimal estimates for Carathéodory and Kobayashi distances, c D and k D , on Dini-smooth bounded planar domains D. In this paper we shall prove similar estimates for the Bergman distance b D . For convenience of the reader, the definitions of these three distances, as well as of Dini-smoothness, are given in the next section. Note that Proposition 1 is equivalent to Proposition 1 ′ . Let D be a Dini-smooth bounded planar domain. There exists a constant c > 1 such that:
Remark. (a) The Dini-smoothness is essential as an example of a C 1 -smooth bounded simply connected planar domain shows (see [6, Example 2] ). (b) One of the missing properties of b D in comparison with c D and l D is monotonicity under inclusion of (planar) domains. However, the invariants M D and K D share this property which allows us to modify the approach from [7] . (c) Results in C n in the spirit of Proposition 1 and Corollary 3 can be found in [1] and [8] , respectively, where the strictly pseudoconvex domains are treated. Note also that the Levi pseudoconvex corank one domains are considered in [3] . As can be expected, our estimates are more precise than these in [1] and [3] , when the two points, z and w, are close to each other. 
This inequality agrees with the fact that (cf. 
Recall now another comparison result between c D and k D (see [7, Proposition 9] ): if D is a finitely connected bounded planar domain without isolated boundary points, then (1) lim 
Proposition 3. If D is a finitely connected bounded planar domain without isolated boundary points, 1 then
Remark. The isolated boundary points condition is essential. Indeed, if p is an isolated boundary point of a planar domain A planar domain is called Dini-smooth if all its boundary points are Dini-smooth.
where the infimum is taken over all smooth curves γ :
where
1 Any C 1 -smooth bounded planar domain is such a domain.
and 
where D is the unit disc. The Kobayashi distance k D is the largest pseudodistance not exceeding l D . It is well-known that k D is the integrated form of Kobayashi metric κ D defined by
We refer to [5] for other basic properties of the above invariants.
Proofs
To prove Proposition 1, we shall need the following Lemma 4.
Proof. We have that
It remains to use that
and hence (1 − |z| 2 )(1 − |w| 2 ) → 0 and ∞, respectively. Proof of Proposition 1. Let D ⊃ (z n ) → p and D ⊃ (w n ) → q. It is enough to find a constant c > 1 such that the respective estimates for b D (z n , w n ) hold for any n.
Note that, by [7, Proposition 5 and Corollary 6], for any neighborhood U of p there exist a neighborhood V ⊂ U and a constant c 1 > 0 such that
This inequality provides the wanted constant if
For a planar domain Ω, set β Ω (z) = β Ω (z; 1), M Ω (z) = M Ω (z; 1) and
and we may easily find the desired constant. It remains to consider the most difficult case p = q ∈ ∂D. Some of our arguments will be closed to that in the proof of [7, Proposition 5] .
This proof allows us to assume that p = 1 and
for some r > 0 (after an appropriate conformal map). Then
(the both equalities hold because E r is a simply connected domain). Fix an r 1 ∈ (0, r). The localization of the Kobayashi metrics from [2, Theorem 2.1 and Lemma 2.2] implies that
for some constant c 2 > 0. Choose an r 2 ∈ (0, r 1 ] with 3c 2 r 2 ≤ 1. Then
We may assume that z n , w n ∈ E r 3 , where r 3 ∈ (0, r 2 ) is such that if α n is the shorter arc with endpoints z n and w n of the circle through z n and w n which is orthogonal to the unit circle, then α n ⊂ E r 2 . Hence
Now, using Lemma 4 and the inequalities
it is easy to find a constant c > 1 such that the upper estimate for b D (z n , w n ) in Proposition 1 holds for any n.
It is left to manage with the lower estimate. Shrinking r 3 (if necessary), we may assume that
Consider the set A of all n for which there exists a smooth curve
For any n ∈ A we may find a number t n ∈ (0, 1) such that |u n −1| = r 2 , where u n = γ(t n ). By (2), there exists a constant c 4 > 0, which does not depend on n ∈ A, such that
This inequality easily provides a constant c > 1 for which the lower estimate for b D (z n , w n ) in Proposition 1 holds for any n ∈ A. Let now n ∈ A. Then, using (5) and the formula
we get that
wherek B 2 is the pseudodistance arising from the Finsler pseudometriĉ
andκ B 2 , we may find a constant c 5 > 0 such that 0 < k B 2 −k B 2 < c 5 .
It follows from here and
which, together with Lemma 4 and (6), easily implies the lower estimate in Proposition 1 if
To prove the lower estimate in Proposition 1 when n ∈ A and
, it suffices to observe that (5) leads to 3b D (z n , w n ) ≥ b D (z n , w n ) and then to apply Lemma 4 and (6).
So, Proposition 1 is completely proved.
Proof of Proposition 3. By the Köbe uniformization theorem, we may assume that ∂D consists of disjoint circles. Using Proposition 1, Corollary 2, (1) and compactness, it is enough to prove that
for any point p ∈ ∂D.
Applying an inversion, we may assume that the outer boundary of D is the unit circle and p = 1. Then (3) and (4) Combining the argument in the case n ∈ A from the previous proof and the estimates from Proposition 1, we may find an r 2 ∈ (0, r 1 ) such that if z, w ∈ E r 2 and γ : [0, 1] → D is a smooth curve for which γ(0) = 1, γ(1) = w and 
